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Abstrat
In this paper we set-up a general framework for a formal deformation theory of Dira stru-
tures. We give a parameterization of formal deformations in terms of two-forms obeying a ubi
equation. The notion of equivalene is disussed in detail. We show that the obstrution for the
onstrution of deformations order by order lies in the third Lie algebroid ohomology of the
Dira struture. However, the lassiation of inequivalent rst order deformations is not given
by the seond Lie algebroid ohomology but turns out to be more ompliated.
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1 Introdution
A Dira struture is a maximally isotropi subbundle of a Courant algebroid whose setions in
addition are losed under the Courant braket. A Courant algebroid is a vetor bundle with a
not neessarily positive denite ber metri over a base manifold whih is equipped with a bundle
map into the tangent bundle (the anhor) and a braket on its setions, the Courant braket,
subjet to ertain ompatibility onditions. The fundamental example of a Courant algebroid is
E = TM ⊕ T ∗M with the natural pairing as ber metri, the identity on the rst omponent as
anhor and the braket
[(X,α), (Y, β)]
C
= ([X,Y ],LX β − iY dα) .
Then both TM and T ∗M are Dira strutures in this Courant algebroid.
Dira strutures were introdued by Courant [7℄ to generalize on one hand sympleti and
Poisson strutures, on the other hand they provide powerful tools to desribe dynamis subjet to
onstraints. Moreover, they an also be used to enode various `oid'-strutures, in partiular Lie
bialgebroids [2426℄. For the general notions of Dira strutures we refer to [7, 24℄.
As Dira strutures ombine sympleti and Poisson strutures and an be used in onstraint
dynamis, it is natural to ask what a physially reasonable quantization of a Dira struture should
be. In partiular, this ould shine some new light on the quantization of onstraint dynamis and
phase spae redution. In deformation quantization [1℄, see e.g. [10, 16, 35℄ for reent reviews, one
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knows that the equivalene lasses of formal quantizations of Poisson strutures are in one-to-one
orrespondene with equivalene lasses of formal deformations of the given Poisson struture into
formal Poisson strutures modulo formal dieomorphisms. This is one of the main orollaries of
Kontsevih's formality theorem [18℄.
Motivated by this result, we investigate the deformation theory of Dira strutures in order to
determine their lassial deformations into formal Dira strutures up to formal dieomorphisms.
We hope that this gives eventually some hints on how to formulate a denition of deformation quan-
tization of Dira strutures suh that a type of formality might hold true also in this ontext. First
steps in this diretion have been taken in [32℄ by evera who proposed a deformation quantization
of formal deformations of regular Dira strutures. Note however, that the lassial deformations
are also of interest if one wants to desribe stability/rigidity of Dira strutures, not neessarily
aiming at quantization. Thus our rst aim of this paper is to set-up a reasonable denition of a
formal Dira struture and investigate basi properties of the orresponding lassial deformation
theory.
As a Dira struture L gives in partiular the struture of a Lie algebroid it is natural to ompare
the formal deformation theory of Dira strutures with the formal deformation theory of L as a Lie
algebroid in the sense of [9℄: It turns out that any deformation of a Dira struture indues a
Lie algebroid deformation, but not neessarily vie-versa. Moreover, in [9℄ it was shown that the
Lie algebroid struture of TM is rigid with respet to formal deformations while it is easy to see
that this is not the ase for Dira struture deformations, here any non-trivial pre-sympleti form
provides a non-trivial deformation.
The main results of this paper is on one hand, that the obstrution spae for formal order-by-
order deformations of a Dira struture L is given by the third Lie algebroid ohomology of L.
On the other hand, and this is the more surprising result, the reasonable notion of equivalene up
to formal dieomorphisms does not yield a lassiation of inequivalent rst order deformations
in the seond Lie algebroid ohomology, as one might rst think: the atual lassiation is more
involved and seems to be beyond a simple ohomologial formulation. This depends of ourse on our
denition of equivalene whih we based on formal dieomorphisms. Most of our results emerged
from the Diplomarbeit [17℄.
As main tehnique it turned out that a desription of formal Dira strutures in terms of graphs of
formal two-forms requires some reasonable alulus. We found the derived braket formalism [19,20℄,
already introdued by Roytenberg in a super-geometri way [29℄, most useful. However, we realized
the derived braket formalism not in terms of super-geometry but used more onventional geometri
objets: the main ingredient is the Rothstein-Poisson braket [28℄. We believe that this approah
has its own interest, in partiular when it will ome to quantization as we an rely on Bordemann's
results for the deformation quantization of the Rothstein-Poisson braket [2, 3℄. Nevertheless, our
approah is ompletely equivalent to the one of Roytenberg.
The paper is organized as follows: In Setion 2 we reall some basi denitions and results
on Courant algebroids, their automorphisms and their Dira strutures. Setion 3 introdues the
derived braket point of view in order to handle the quite ompliated algebrai identities of the
Courant braket in a more eient way. We reall the Rothstein-Poisson braket and use it to
formulate Dira strutures in this ontext. In Setion 4 we rst formulate a smooth deformation
of a Dira struture and disuss the problem of equivalene up to dieomorphisms for the ase of
a general Courant algebroid. Taking this as motivation we pass to formal deformations by Taylor
expansion in the deformation parameter as usual. The fundamental equation, a sort of Maurer-
Cartan equation whih ontrols the deformation, has already been disussed in some dierent ontext
in [31, Eq. (4.3)℄. We show that the order-by-order onstrution of a formal deformation yields
obstrutions in the third Lie algebroid ohomology of the undeformed Dira struture. Finally,
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we disuss the notion of equivalene up to formal dieomorphisms in detail and point out that the
seond Lie algebroid ohomology is not neessarily the spae of inequivalent rst order deformations.
Finally, Appendix A gives an overview on the Rothstein-Poisson braket and realls some of its basi
properties.
Conventions: Throughout the paper we use Einstein's summation onvention, i.e. summation
over repeated oordinate indies is automati.
Aknowledgments: We would like to thank Lorenz Shwahhöfer for valuable disussions on the
notion of equivalent deformations and Maro Gualtieri for a stimulating remark on the quantization
aspet. Moreover, we would like to thank Pavol evera, Jim Stashe and Alan Weinstein for valuable
remarks and suggestions on the rst version.
2 General Remarks on Dira Strutures in Courant Algebroids
In this setion we reall some basi notions of Courant algebroids and Dira strutures in order to
set up our notation. Most of the material is standard, see e.g. [7, 24, 29℄.
2.1 Courant Algebroids
Denition 2.1 A Courant algebroid is a vetor bundle E −→ M together with nondegenerate
symmetri bilinear form h, a braket [ · , · ]
C
: Γ∞(E) × Γ∞(E) −→ Γ∞(E) on the setions of
the bundle and a vetor bundle homomorphism ρ : E −→ TM , alled anhor, suh that for all
e1, e2, e3 ∈ Γ∞(E) and f ∈ C∞(M) the following onditions hold:
i.) Jaobi identity, i.e. [e1, [e2, e3]C ]C = [[e1, e2]C , e3]C + [e2, [e1, e3]C ]C ,
ii.) [e1, e2]C + [e2, e1]C = Dh(e1, e2), where D : C
∞(M) −→ Γ∞(E) is dened by
h(Df, e) = ρ(e)f,
iii.) ρ(e1)h(e2, e3) = h([e1, e2]C , e3) + h(e2, [e1, e3]C).
An easy omputation shows that the Courant braket [·, ·]
C
satises the Leibniz rule
[e1, fe2]C = f [e1, e2]C + (ρ(e1)f)e2 (2.1)
and the anhor turns out to satisfy
ρ([e1, e2]C ) = [ρ(e1), ρ(e2)] (2.2)
for all e1, e2, e3 ∈ Γ∞(E) and f ∈ C∞(M), see e.g. [21, 22, 34℄.
Remark 2.2 Equivalent to this denition is the one given in [6℄. One an also onsider the objet
obtained by skew-symmetrization of the Courant braket, whih is sometimes referred to as a
Courant algebroid. Both denitions are equivalent, see [29℄ for a detailed disussion.
The above denition for a Courant algebroid is the generalization of an objet studied by Courant
in [7℄, whih we will refer as the standard Courant algebroid:
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Example 2.3 (Standard Courant algebroid [7℄) Consider the vetor bundle E = TM ⊕ T ∗M
over a manifold M . The anonial symmetri bilinear form on E given by
〈(X,α), (Y, β)〉 = α(Y ) + β(X), (2.3)
where X,Y ∈ X(M) and α, β ∈ Ω1(M), together with the braket
[(X,α), (Y, β)]
C
= ([X,Y ],LX β − iY dα) (2.4)
and the anhor ρ dened by ρ(X,α) = X endows E with the struture of a Courant algebroid.
Remark 2.4 Aording to our denition of a Courant algebroid we use here also the non skew-
symmetri version where originally in [7℄ the skew-symmetri braket was used.
Other examples for Courant algebroids are given by the double of Lie bialgebroids [24℄, or more
general by the doubles of Lie quasi-bialgebroids or proto bialgebroids, see [21℄. We will ome bak
to these examples later.
2.2 Automorphisms of Courant Algebroids
Cruial for our investigations of deformations of Dira strutures will be an appropriate notion of
isomorphism. To this end we need the automorphisms of the Courant algebroid. If E −→ M is
a Courant algebroid, then a vetor bundle automorphisms Φ : E −→ E over a dieomorphism
φ : M −→ M is alled an automorphism of the Courant algebroid, if the following two onditions
are fullled: First, Φ is an isometry of the bilinear form h, i.e. for all e1, e2 ∈ Γ∞(E)
h(Φ∗e1,Φ
∗e2) = φ
∗(h(e1, e2)). (2.5)
Seond, Φ is natural with respet to the Courant braket, i.e. for all e1, e2 ∈ Γ∞(E)
[Φ∗e1,Φ
∗e2]C = Φ
∗[e1, e2]C . (2.6)
The following lemma shows that the ompatibility with the anhor is already xed by these two
onditions:
Lemma 2.5 If Φ : E −→ E is a Courant algebroid automorphism then the anhor ρ satises
ρ ◦ Φ = Tφ ◦ ρ. (2.7)
Proof: This is used impliitly in [15, Prop. 3.24℄: Using (2.1) and then (2.6) gives [Φ∗e1,Φ
∗(fe2)]C =
Φ∗(f [e1, e2]C ) + ρ(Φ
∗e1)(φ
∗f)Φ∗e2. The other way round gives [Φ
∗e1,Φ
∗(fe2)]C = Φ
∗(f [e1, e2]) +
φ∗(ρ(e1)f)Φ
∗e2 whene we obtain
ρ(Φ∗e1)(φ
∗f) = φ∗(ρ(e1)f) = φ
∗(ρ(e1))(φ
∗f)
for all e1, e2 ∈ Γ∞(E) and f ∈ C∞(M), whih implies (2.7). 
In ase of the standard Courant algebroid one an determine the group of automorphisms om-
pletely. We reall the following denition [33℄:
Denition 2.6 (Gauge Transformations) Let E = TM ⊕ T ∗M be the standard Courant alge-
broid and B ∈ Ω2(M) a two-form. A gauge transformation is a map τB : TM⊕T ∗M −→ TM⊕T ∗M
given by τB(X,α) = (X,α + iXB).
5
Lemma 2.7 (evera, Weinstein [33℄) A gauge transformation τB is an automorphism of the
standard Courant algebroid struture on TM ⊕ T ∗M if and only if B is losed.
Let φ be a dieomorphism of M . Then we denote the anonial lift of φ to TM ⊕ T ∗M by
Fφ = (Tφ, T∗φ), where T∗φ : T
∗M −→ T ∗M is given by T∗φ(αp) = (Tφ−1)∗αp = αp ◦ Tφ(p)φ−1 for
αp ∈ T ∗pM. We further write Bφ for the inverse of Fφ. With this notation, the following proposition
desribes all automorphisms of the standard Courant algebroid, see [15, Prop. 3.24℄:
Proposition 2.8 Let E = TM⊕T ∗M be the standard Courant algebroid. Then every automorphism
Φ of E is of the form
Φ = τB ◦ Fφ, (2.8)
with a unique losed 2-form B ∈ Ω2(M) and an unique dieomorphism φ : M −→ M . The
automorphism group of TM ⊕ T ∗M is given by the semi-diret produt Z2(M) ⋊ Di (M) with
Z2(M) = ker(d|Ω2(M)), where the group multipliation is
(B,φ)(C,ψ) = (B + (φ−1)∗C,φ ◦ ψ). (2.9)
2.3 Dira Strutures
The denition of Dira strutures on manifolds is due to Courant [7℄ and was later generalized to
Courant algebroids in [24℄:
Denition 2.9 Let E be a Courant algebroid. A subbundle L ⊂ E is alled a Dira struture if
L is maximally isotropi with respet to the given bilinear form and if Γ∞(L) is losed under the
Courant braket, i.e. [Γ∞(L),Γ∞(L)] ⊆ Γ∞(L).
In the following, whenever we speak about Courant algebroids with Dira strutures, we will restrit
ourself to Courant algebroids with even ber dimension and a bilinear form of signature zero. The
reason for this is that maximal isotropi subbundles in suh Courant algebroids have half the ber
dimension of the algebroid, a point that will beome important later on.
In partiular, the standard Courant algebroid TM ⊕ T ∗M is of this type. In this ase, one has
the following two standard examples of Dira strutures:
Example 2.10 Let E = TM ⊕ T ∗M be the standard Courant algebroid over M .
i.) Given a two-form ω ∈ Ω2(M), we onsider ω as a map ω : TM −→ T ∗M be dening
ω(X) = iXω = ω(X, · ). (2.10)
Thanks to skew-symmetry the dimM -dimensional subbundle L := graph(ω) ⊂ TM ⊕ T ∗M
is isotropi. Moreover L is losed under the Courant braket, i.e. a Dira struture, if and
only if ω is losed. Thus presympleti two-forms an be viewed as partiular ases of Dira
strutures.
ii.) Let π ∈ Γ∞(∧2TM) be a bivetor. We onsider π as a map π : T ∗M −→ TM by dening
π(α) = π(α, · ). (2.11)
Again due to skew-symmetry L := graph(π) ⊂ TM ⊕ T ∗M is a maximal isotropi subbundle.
One further nds that L is a Dira struture if and only if π is a Poisson tensor, i.e. [π, π] = 0.
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3 Derived Brakets for Courant Algebroids and Dira Strutures
In this setion we shall realize the Courant braket as a derived braket in the sense of [19, 20℄ as
this has been done before by Roytenberg [29, 30℄ in a slightly dierent ontext.
3.1 The Rothstein-Poisson Braket
For the study of Poisson manifolds the Shouten-Nijenhuis braket has turned out to be a very useful
tool sine one an write the Poisson braket as a derived braket {f, g} = −[[f, π], g] for a unique
bivetor π ∈ Γ∞(∧2TM). It then follows immediately that the Jaobi identity for the Poisson
braket is equivalent to the equation [π, π] = 0, see e.g. [20℄ for an overview on derived brakets. In
the ase of a Courant algebroid E a similar approah is possible. However, one rst has to nd an
appropriate spae whih has the setions Γ∞(E) as a subset as well as a braket on it, in order to
write the Courant braket as a derived braket. One possibility favored by Roytenberg [29, 30℄ is
given by the spae of funtions on a suitable sympleti supermanifold.
We shall use a slightly dierent presentation avoiding the expliit notion of supermanifolds: in
our approah we take advantage of more onventional dierential geometry by using the Rothstein-
Poisson braket [28℄ on the setions of the Grassmann algebra of the pullbak bundle τ#E −→ T ∗M ,
see Appendix A for preise denitions. The Rothstein-Poisson braket satises a graded Leibniz rule
with respet to the ∧-produt, is graded antisymmetri and fullles a graded Jaobi identity where
all signs ome from the Grassmann parity. Though the struture is essentially the same as in [29,30℄,
whih an made even more transparent in the super-Darboux oordinates from Setion A.3, the
expliit use of ordinary dierential geometry might ome in useful when onsidering a quantized
version of Dira strutures as we an rely on e.g. Bordemann's onstrution [2, 3℄ for deformation
quantization of the Rothstein-Poisson braket. Furthermore, the usage of the Rothstein-Poisson
braket allows us to perform intrinsially global omputations.
Let E −→ M be a vetor bundle together with a ber metri h, i.e. a nondegenerate bilinear
form, and let ∇ be a metri onnetion on E. We denote by τ : T ∗M −→ M the otangent
bundle. Then on the superommutative algebra Γ∞(
∧•τ#E) of setions of the pulled bak bundle
τ#E −→ T ∗M we have the Rothstein-Poisson braket as desribed in Appendix A.2, dened by
use of the pulled bak of the ber metri h and the onnetion ∇. We an regard Γ∞(∧•E) as a
subalgebra of Γ∞(
∧•τ#E) via the pull-bak of setions.
Sine T ∗M is a vetor bundle itself and sine we onsider a pulled bak bundle over T ∗M , it
makes sense to speak of setions e ∈ Γ∞(∧•τ#E) whih are polynomial in the ber diretions of
T ∗M of degree k ∈ N. Note that the grading with respet to the ber variables (the momenta) is
not a good grading for the Rothstein-Poisson braket, neither is the Grassmann degree. However,
the Rothstein-Poisson braket is graded with respet to twie the polynomial degree in the momenta
plus the Grassmann degree. We denote homogeneous setions of this total degree k ∈ N by Pk ⊆
Γ∞(
∧•τ#E). Then their diret sum P• is a subalgebra of Γ∞(∧•τ#E), both with respet to the
∧-produt and the Rothstein braket. With respet to this grading, the Rothstein-Poisson braket
has degree −2, i.e.
{Pk,Pℓ}
R
⊆ Pk+ℓ−2. (3.1)
In partiular, C∞(M) = P0 and τ#Γ∞(E) = P1, see Appendix A.4.
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3.2 Courant Algebroids via Rothstein Braket
With the help of the Rothstein-Poisson braket on Γ∞(
∧•τ#E) we an dene a derived braket [19℄
on Γ∞(E). Consider for Θ ∈ Γ∞(∧•τ#E) the bilinear map on Γ∞(∧•τ#E) given by
(ξ, ζ) 7−→ {{ξ,Θ}
R
, ζ}
R
. (3.2)
In order to get a derived braket on Γ∞(E), the subspae P1 = Γ∞(E) has to be losed under the
above map. As one an see in the loal formula (A.12) for the Rothstein-Poisson braket this is only
the ase for a homogeneous Θ ∈ P3 of total degree 3. In fat, the lower degrees do not ontribute
and higher ones will not produe pullbaks of setions from Γ∞(E). Suh a setion Θ ∈ P3 has two
types of ontributions: one is a setion of Γ∞(τ#E) whih is linear in the momenta variables of
T ∗M , the other is a pull-bak setion of Γ∞(
∧3E).
Lemma 3.1 Let Θ ∈ P3. Then the following objets are well-dened:
i.) A R-bilinear derived braket [ · , · ]
Θ
: Γ∞(E)× Γ∞(E) −→ Γ∞(E) dened for e1, e2 ∈ Γ∞(E)
by
[e1, e2]Θ = {{e1,Θ}R , e2}R . (3.3)
ii.) A derived anhor, i.e. a bundle map ρΘ : E −→ TM dened for e ∈ Γ∞(E) and f ∈ C∞(M)
by
ρΘ(e)f = {{e,Θ}R , f}R . (3.4)
iii.) A map DΘ : C
∞(M) −→ Γ∞(E) dened for f ∈ C∞(M) by
DΘf = {Θ, f}R . (3.5)
The bundle E together with the bilinear form h and the above dened braket and anhor satisfy the
onditions ii.) and iii.) from denition 2.1 of a Courant algebroid.
Proof: The well-denedness follows from the grading properties. Then the veriation of the
onditions ii.) and iii.) is a straightforward omputation using the graded Jaobi identity of {·, ·}
R
.

Note that the denition of DΘ is onsistent with Denition 2.1. The following lemma is the analogue
of [30℄ for the Rothstein-Poisson braket and follows the general ideas of derived brakets [20℄.
Lemma 3.2 Let Θ ∈ P3 ⊂ Γ∞(∧•(τ#E)) be homogeneous of degree 3. Then E together with the
bilinear form h, the braket [ · , · ]
Θ
and the anhor ρΘ is a Courant algebroid if and only if
{Θ,Θ}
R
= 0. (3.6)
Proof: For the `if' part we only have to hek the Jaobi identity for [·, ·], whih is a simple
omputation in the framework of derived brakets [19℄. We only have to use the graded Jaobi
identity of {·, ·}
R
. For the `only if' part we assume the Jaobi identity for [ · , · ]
Θ
. Then
{{{{Θ,Θ}
R
, e1}R , e2}R , e3}R = 0 (∗)
for all e1, e2, e3 ∈ Γ∞(E). Let f ∈ C∞(M) be a funtion. Then by the graded Leibniz rule for
{·, ·}
R
we have
0 = {{{{Θ,Θ}
R
, e1}R , e2}R , fe3}R = f{{{{Θ,Θ}R , e1}R , e2}R , e3}R + {{{{Θ,Θ}R , e1}R , e2}R , f}Re3
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from whih we obtain
{{{{Θ,Θ}
R
, e1}R , e2}R , f}R = 0. (∗∗)
By another appliation of the graded Jaobi identity we also nd {{{Θ,Θ}
R
, {e1, e2}R}R , f}R = 0
for all e1, e2 ∈ Γ∞(E) and f ∈ C∞(M). Sine loally every funtion g ∈ C∞(M) an be written as
g = {e1, e2}R with appropriate e1, e2 ∈ Γ∞(E) we onlude
{{{Θ,Θ}
R
, f}
R
, g}
R
= 0 (∗∗∗)
for all f, g ∈ C∞(M). From the expliit formulas for {·, ·}
R
we see that the properties (∗), (∗∗) and
(∗∗∗) together imply that the homogeneous element {Θ,Θ}
R
of degree 4 has to vanish. 
In a next step we want to onstrut suh an element Θ for a given Courant algebroid. We begin
with the following easy lemma:
Lemma 3.3 Let (E, [ · , · ]
C
, ρ, h) be a Courant algebroid with a metri onnetion ∇. Then the map
T : Γ∞(E)× Γ∞(E)× Γ∞(E) −→ R dened by
T (e1, e2, e3) = h(∇ρ(e1)e2 −∇ρ(e2)e1 − [e1, e2]C , e3) + h(∇ρ(e3)e1, e2) (3.7)
is a skew-symmetri 3-tensor T ∈ Γ∞(∧3E∗).
Proof: The proof is a diret omputation using the denition of a Courant algebroid and the fat
that the onnetion is metri. 
In some sense, T is the Courant algebroid version of the torsion of ∇. Let u1, . . . , uK be a loal
basis of setions of E with dual basis u1, . . . , uK , dened on the domain of a loal hart x1, . . . , xn
of M . Then loally T is given by
T =
1
6
TABCu
A ∧ uB ∧ uC (3.8)
where TABC = T (uA, uB , uC). Using the musial isomorphism ♯ indued by the ber metri h we
obtain from T ∈ Γ∞(∧3E∗) the tensor eld T ♯ ∈ Γ∞(∧3E), loally given by
T ♯ =
1
6
hAEhBFhCGTABCuE ∧ uF ∧ uG. (3.9)
Using the struture funtions CCAB = 〈[uA, uB ]C , uC〉 of the Courant braket, the omponents
ρi = dxi ◦ ρ of the anhor, and the Christoel symbols ΓAiB of ∇ we obtain by a straightforward
omputation
T ♯ =
1
2
hADhBEρi(uA)Γ
C
iBuC ∧ uD ∧ uE −
1
6
hADhBECCABuC ∧ uD ∧ uE. (3.10)
The seond tensor eld we shall need is obtained as follows. Sine the anhor an be viewed as
ρ ∈ Γ∞(E∗⊗TM) we an use h to obtain a tensor eld ρ♯ ∈ Γ∞(E⊗TM). In a seond step we an
view the tangent vetor eld part of ρ♯ as a linear funtion on T ∗M whene we end up with a setion
J(ρ♯) ∈ Γ∞(τ#E), polynomial in the momenta of degree 1. Here, J : Γ∞(S•TM) −→ Pol•(T ∗M)
denotes the anonial algebra isomorphism. Loally, J(ρ♯) is given by
J(ρ♯) = hACpiρ
i(uA)uC , (3.11)
where p1, . . . , pn are the anonially onjugate momenta on T
∗M to the loal oordinates q1 =
τ∗x1, . . . , qn = τ∗xn indued by the loal oordinates x1, . . . , xn on M .
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Putting both together we obtain from the hoie of a metri onnetion ∇ the homogeneous
element
Θ = −J(ρ♯) + T ♯ ∈ P3 ⊆ Γ∞(τ#∧•E) (3.12)
of total degree 3. For later use we shall give yet another loal expression for Θ, namely using the
super-Darboux oordinates from Proposition A.4. By rearranging the loal expressions for J(ρ♯)
and T ♯ we obtain
Θ = −hACriρi(uA)uC − 1
6
hADhBECCABuC ∧ uD ∧ uE . (3.13)
The advantage will be the easy ommutation relations between the ri and the other loal variables.
It is also the diret analogue to the supergeometri formulation of Roytenberg, see [30, Eq. (4.7)℄.
Note however, that this splitting of Θ is not oordinate independent, i.e. the two parts are not
tensor elds, ontrary to the splitting (3.12).
Lemma 3.4 Let E −→ M be a Courant algebroid and hose a metri onnetion ∇. Dene the
element Θ ∈ P3 by (3.12). Then the Courant braket and the anhor of E oinide with the derived
braket and the derived anhor indued by the element Θ ∈ P3. In partiular, {Θ,Θ}
R
= 0.
Proof: Using the super-Darboux oordinates this is a simple veriation. The seond statement
follows diretly from Lemma 3.2. 
Now we an nally make ontat to the supermanifold formulation of Roytenberg. Analogously
to [30, Thm. 4.5℄ we obtain:
Theorem 3.5 Let E −→M be a vetor bundle with ber metri h and metri onnetion ∇. Then
the set of Courant algebroid strutures on E is in one-to-one orrespondene with the set of Θ ∈ P3
suh that {Θ,Θ}
R
= 0.
3.3 The Case E = L⊕ L∗
Consider the ase E = L ⊕ L∗ for a vetor bundle L endowed with the natural pairing as ber
metri of signature zero. In the following we shall use a onnetion on L and the orresponding
indued metri onnetion on L⊕L∗. From this hoie we obtain the Rothstein-Poisson braket on
Γ∞
(∧•τ#(L⊕ L∗)), see also Appendix A.5. The splitting E = L⊕ L∗ indues a bigrading instead
of our previous total degree: Indeed, we set degL to be the polynomial degree in the momenta
plus the L-degree and degL∗ is the polynomial degree in the momenta plus the L
∗
-degree. Then
P(r,s) denotes those elements in Pr+s of degL-degree r and degL∗-degree s. Using this diret sum
deomposition one obtains the following, analogously to [31℄:
Lemma 3.6 Let Θ = ψ+ µ+ γ + φ ∈ P be an element of total degree 3 with ψ ∈ P(0,3), µ ∈ P(1,2),
γ ∈ P(2,1) and φ ∈ P(3,0). Then {Θ,Θ}
R
= 0 is equivalent to
{µ,ψ}
R
= 0
1
2
{µ, µ}
R
+ {γ, ψ}
R
= 0
{φ,ψ}
R
+ {µ, γ}
R
= 0
1
2
{γ, γ}
R
+ {µ, φ}
R
= 0
{γ, φ}
R
= 0.
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A quasi-Lie algebroid is a vetor bundle A −→ M together with a R-bilinear, skew symmetri
braket [ · , · ]
A
on Γ∞(A) and a vetor bundle homomorphism ρA : A −→ TM suh that for all
a1, a2 ∈ Γ∞(A) and f ∈ C∞(M) the Leibniz rule
[a1, fa2]A = f [a1, a2]A + ρA(a1)f a2 (3.14)
is satised. If in addition the Jaobi identity for the braket [ · , · ]
A
is fullled, then A is a Lie
algebroid. In this ase the anhor ρA is a homomorphism of Lie algebras,
ρA([a1, a2]A) = [ρA(a1), ρA(a2)]. (3.15)
The onstrution of the Shouten-Nijenhuis braket an be generalized to the quasi-Lie algebroid
ase by imposing the graded Leibniz rule. The graded skew-symmetry and Leibniz rule are still
satised, the graded Jaobi identity holds if and only if A is a Lie algebroid. The Lie algebroid
dierential also generalizes to the quasi-Lie algebroid ase, and we get a dierential with square zero
if and only if A is a Lie algebroid. Conversely the quasi-Lie algebroid struture an be retrieved
from the Shouten-Nijenhuis braket or from the dierential, see e.g. [27℄. Identifying our derived
brakets in this situation gives the following expliit formulas:
Lemma 3.7 Let Θ = ψ + µ+ γ + φ ∈ P ⊂ Γ∞(∧•τ#(L⊕ L∗)) be as above, and let [ · , · ]
Θ
and ρΘ
be the derived braket and anhor.
i.) The restrition of [ · , · ]
Θ
to L with subsequent projetion to L is given by the derived braket
with respet to µ, i.e. for all s1, s2 ∈ Γ∞(L) we have
prL([s1, s2]Θ) = [s1, s2]µ = {{s1, µ}R , s2}R . (3.16)
Further, the restrition of the anhor to L is given by
ρΘ(s)f = ρµ(s)f = {{s, µ}R , f}R (3.17)
for s ∈ Γ∞(L) and f ∈ C∞(M).
ii.) The braket [ · , · ]µ together with the anhor ρµ make L a quasi Lie-algebroid. The assoiated
Shouten-Nijenhuis braket is given by
[P,Q]µ = {{P, µ}R , Q}R (3.18)
for P,Q ∈ Γ∞(∧•L), and the Lie algebroid dierential by
dL η = {µ, η}R , (3.19)
where η ∈ Γ∞(∧•L∗).
iii.) Analogous results are obtained for L∗ by replaing µ with γ.
Proof: Let s1, s2 ∈ P(1,0) = Γ∞(L). Using the bigrading properties we get
[s1, s2]Θ = {{s1,Θ}R , s2}R = {{s1, ψ}R , s2}R + {{s1, µ}R , s2}R
with {{s1, ψ}R , s2}R ∈ P(0,1) = Γ∞(L∗) and {{s1, µ}R , s2}R ∈ P(1,0) = Γ∞(L). Thus prL([s1, s2]Θ) =
[s1, s2]µ = {{s1, µ}R , s2}R . Analogously, we obtain (3.17). A standard omputation nally shows
that the extension of [·, ·]µ to multivetor elds is given by (3.18) sine (3.18) satises the same type
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of graded Leibniz rule and oinides with the Shouten-Nijenhuis braket on the loal generators. As
one an see by ounting degrees we have a well-dened map {µ, · }
R
: Γ∞(
∧kL∗) −→ Γ∞(∧k+1L∗).
Thanks to the graded Leibniz rule for the Rothstein-Poisson braket, this map is a graded deriva-
tion of the ∧-produt. A straightforward omputation then shows that is{µ, f}R = is dL f and
is2is1{µ, α}R = is2is1 dL α for all s, s1, s2 ∈ Γ∞(L), f ∈ C∞(M) and α ∈ Γ∞(L∗). By the deriva-
tion property, {µ, ·}
R
oinides with dL on the whole spae Γ
∞(
∧•L∗). The last statement follows
analogously. 
Reall that a Lie quasi-bialgebroid is a Lie algebroid (A, [ · , · ]
A
, ρA) together with a graded
derivation dA∗ of degree one of Γ
∞(
∧•A) with respet to both the ∧-produt and the Shouten-
Nijenhuis braket, and a 3-vetor φ ∈ Γ∞(∧3A) suh that dA∗ φ = 0 and d2A∗ = −[φ, ·]A, see e.g. [23℄.
It is well-known that a graded derivation of degree one of Γ∞(
∧•A) denes a Shouten-Nijenhuis
braket on Γ∞(
∧•A∗). Thus a Lie quasi-bialgebroid is a pair (A,A∗), where A is a Lie algebroid
and A∗ is a quasi-Lie algebroid, suh that the dierential dA∗ of A
∗
is a graded derivation of the
Shouten-Nijenhuis braket on A and d2A∗ = −[φ, ·]A for some 3-vetor φ ∈ Γ∞(
∧3A) with dA∗ φ = 0,
see e.g. [31℄. A Lie bialgebroid [26℄ is obtained in the ase that d2A∗ = 0. Combining Lemma 3.6
and 3.7 we obtain the following well-known result [29℄:
Lemma 3.8 Let Θ = ψ + µ + γ + φ ∈ P ⊂ Γ∞(∧•τ#(L ⊕ L∗)) be as in Lemma 3.7 and assume
now in addition {Θ,Θ}
R
= 0. If ψ = 0 then L is a Lie quasi-bialgebroid. If φ = 0 then L∗ is a Lie
quasi-bialgebroid.
3.4 Courant Algebroids with Dira Strutures
We shall now onsider the ase of a Courant algebroid E = L⊕ L∗ over M suh that L is a Dira
struture. As we will see later in Lemma 4.4 a Courant algebroid E with a Dira struture L is
always of this form.
The element Θ from Theorem 3.5 now is given as a sum Θ = ψ + µ + γ + φ aording to
the bigrading. We split the tensor eld T from Lemma 3.3 and T ♯, respetively, into their L and
L∗ omponents. Note also that we an identify T and T ♯ anonially, sine L ⊕ L∗ is anonially
`self-dual'. As before we set ρi = dxi ◦ ρ and dene ri ∈ Γ∞(
∧•τ ♯(L ⊕ L∗)) for i = 1, . . . , n by
ri = pi−Γβiαaα∧aβ, see Proposition A.11. Analogously, the anhor ρ splits into the two restritions
ρL and ρL∗ to L and L
∗
, respetively. Then we have loally
J(ρ♯L) = piρ
i(aα)a
α
and J(ρ♯L∗) = piρ
i(aα)aα (3.20)
The above splitting of T and ρ into the omponents aording to E = L⊕L∗ now gives the splitting
of Θ into the elements µ, γ, and φ. To identify these omponents, we dene the global tensor elds
µ = −J(ρ♯L) + T
∣∣∧2 L⊗L∗ (3.21)
γ = −J(ρ♯L∗) + T
∣∣
L⊗
∧2 L∗ (3.22)
φ = T
∣∣∧3 L∗ . (3.23)
Beause L is a Dira struture one has T
∣∣∧3 L = 0 and therefor
Θ = µ+ γ + φ. (3.24)
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A little omputation shows that T
∣∣∧2 L⊗L∗ is three times the torsion [8℄ for the Lie algebroid
L and analogously T
∣∣
L⊗
∧2 L∗ is three times the torsion for the quasi Lie algebroid L∗. We further
have
φ(σ1, σ2, σ3) = −〈[σ1, σ2]C , σ3〉 (3.25)
for σ1, σ2, σ3 ∈ P(0,1) = Γ∞(L∗).
Let us look now at the loal expressions. Let x1, . . . , xn be oordinates on M , a1, . . . , ak a loal
basis of setions of L and a1, . . . , ak the dual loal basis of setions of L∗. We dene loal funtions
c
γ
αβ = 〈[aα, aβ ]C , aγ〉 and cαβγ = 〈[aα, aβ ]C , aγ〉. (3.26)
Furthermore, we have
φ =
1
6
φαβγaα ∧ aβ ∧ aγ with φαβγ = −(〈[aα, aβ ]C , aγ〉). (3.27)
Sine we assume L to be a Dira struture, all other ombinations of struture funtions as in
Setion 3.2 are either zero, or an be omputed from the ones in (3.26) and (3.27) by using the
properties of the Courant braket [·, ·]
C
.
Let q1, . . . , qn, p1, . . . , pn be the indued oordinates on T
∗M and let Γαiβ be the Christoel
symbols for the onnetion ∇ on L. We dene
T
γ
αβ = T (aα, aβ , a
γ) = ρi(aα)Γ
γ
iβ − ρ(aβ)iΓγiα − cγαβ (3.28)
Tαβγ = T (a
α, aβ, aγ) = ρ
i(aβ)Γαiγ − ρi(aα)Γβiγ − cαβγ (3.29)
and then we have loally
T =
1
2
T
γ
αβa
α ∧ aβ ∧ aγ + 1
2
Tαβγ aα ∧ aβ ∧ aγ +
1
6
φαβγaα ∧ aβ ∧ aγ . (3.30)
>From this we immediately obtain the following statement:
Lemma 3.9 Loally, µ and γ are given by
µ = −piρi(aα)aα + 1
2
T
γ
αβa
α ∧ aβ ∧ aγ (3.31)
γ = −piρi(aα)aα + 1
2
Tαβγ aα ∧ aβ ∧ aγ . (3.32)
In partiular, µ ∈ P(1,2) and γ ∈ P(2,1). In the loal super-Darboux oordinates we have
µ = −riρi(aα)aα − 1
2
c
γ
αβa
α ∧ aβ ∧ aγ (3.33)
γ = −riρi(aα)aα − 1
2
cαβγ aα ∧ aβ ∧ aγ . (3.34)
Using the splitting in (3.33) and (3.34) we an ompare with Roytenberg's expressions in [29,
Eq. (3.10) and (3.11)℄. Note however, that this splitting depends on the hoie of oordinates while
(3.31) and (3.32) have intrinsi geometri meanings.
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Corollary 3.10 We have {Θ,Θ}
R
= 0, or equivalent
{µ, µ}
R
= 0
1
2
{γ, γ}
R
+ {µ, φ}
R
= 0
{µ, γ}
R
= 0
{γ, φ}
R
= 0.
Example 3.11 Let E = TM ⊕ T ∗M be the standard Courant algebroid over M . Let ∇ be any
torsion-free onnetion and onstrut the Rothstein-Poisson braket on Γ∞(
∧•τ#E). First we get
γ = 0, φ = 0, and ψ = 0. (3.35)
For the only nontrivial element µ we nd loally µ = −piτ# dxi ∈ Γ∞(τ#T ∗M). The pulled bak
bundle τ#T ∗M an be identied with the annihilator subbundle Ver(T ∗M)ann ⊆ T ∗(T ∗M) of the
vertial subbundle Ver(T ∗M) ⊆ T (T ∗M) in the usual way. This anonial identiation allows
us to identify τ# dxi with τ∗ dxi = d qi. Hene, under this identiation, µ oinides with the
anonial one-form −θ0 on T ∗M .
We have some more orollaries to Corollary 3.10 and Lemma 3.8. First we note [29℄:
Corollary 3.12 On L we have given the struture of a quasi-Lie bialgebroid.
Remark 3.13 If in addition {µ, φ}
R
= 0 is satised then (L,L∗) is a Lie bialgebroid [21℄. But
only if φ = 0 the spae of setions Γ∞(L∗) is losed under the Courant braket and L∗ is a Dira
struture.
Given a Dira struture L in a Courant algebroid E we always an nd a maximal isotropi subbun-
dle L′ omplementary to L and identify E with L⊕ L∗, see e.g. Corollary 4.4. Thus we have [29℄:
Corollary 3.14 A Courant algebroid E with a Dira struture L is isomorphi to the double of the
Lie quasi-bialgebroid L⊕ L∗.
As shown in Lemma 3.7 the derived braket [ · , · ]µ is the Shouten-Nijenhuis braket for the Lie
algebroid struture on L given by the restrition of the Courant braket and the anhor to Γ∞(L).
Further [ · , · ]γ denes a quasi-Lie algebroid struture on L∗ where the braket is given by
[σ1, σ2]L∗ = [σ1, σ2]γ = prL∗([σ1, σ2]C ) (3.36)
and the anhor by ρL∗ = ρ|L∗ . The dierential dL is a graded derivation for the braket [ · , · ]γ and
the dierential dL∗ is a graded derivation for the braket [ · , · ]µ .
4 Smooth and Formal Deformations of Dira Strutures
In this setion we shall now establish the smooth and the formal deformation theory of Dira
strutures. In the following E is a Courant algebroid with a ber metri of signature zero and
L ⊆ E a Dira struture as before.
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4.1 Denition of Smooth Deformations
As motivation we rst reall the well-known situation for Poisson manifolds, see e.g. [5, Set. 18.5℄:
A smooth deformation πt of a Poisson struture π0 on M is a smooth map
π : I ×M −→ ∧2TM (4.1)
with πt = π(t, · ) ∈ Γ∞(
∧2TM) for all t ∈ I and π(0, · ) = π0, suh that
[πt, πt] = 0 (4.2)
for all t ∈ I, where I ⊆ R is an open interval around zero. Formal deformations then are given by
formal power series πt = π0 + tπ1 + . . . ∈ Γ∞(
∧2TM)[[t]] suh that [πt, πt] = 0 order by order in
the formal parameter. A similar approah is possible in the ase of sympleti manifolds.
Consider now a Dira struture L in E. One possibility to dene a smooth deformation of L is
given by speifying a family of subbundles in terms of a family of projetions. This way, we an
enode the desired smoothness easily:
Denition 4.1 Let L ⊆ E be a Dira struture and let I ⊆ R be an open interval around zero. A
smooth deformation of L = L0 is a family of Dira strutures Lt with t ∈ I suh that there exists a
smooth map
P : I ×M −→ End(E) (4.3)
with
i.) P (t,m) : Em −→ Em for all t ∈ I and m ∈M
ii.) P (t,m)2 = P (t,m) for all t ∈ I and m ∈M
iii.) ImPt = Lt for all t ∈ I, where Pt = P (t, · ) ∈ Γ∞(End(E)).
Remark 4.2 Consider the pull-bak bundle pr#E, where pr : I ×M −→ M is the projetion.
Equivalent to the denition above we an onsider a smooth deformation of L as a smooth subbundle
L ⊆ pr#E suh that every Lt = L|{t}×M ⊂ E is a Dira struture where L0 = L.
While the above denition is oneptually lear and easy, it is not very suited for onrete omputa-
tions. Thus we shall re-formulate the denition using additional geometri strutures in Setion 4.3.
We also have to disuss the possible notions of equivalene in detail. However, we rst reall two
general well-known properties of the subbundles in question:
Theorem 4.3 Let E be a vetor bundle with a ber metri ( · , · ). Then there exits a positive
denite ber metri g and an isometry J : E −→ E of ( · , · ) with J2 = id, suh that
g(e1, e2) = (e1, Je2) (4.4)
for all e1, e2 ∈ Γ∞(E).
Proof: For the readers onveniene we sketh the proof: Choose a positive denite ber metri k
and dene A ∈ Γ∞(End(E)) by k(Ae1, e2) = (e1, e2). Sine A turns out to be k-symmetri we an
use its polar deomposition A =
√
A2J . Then g(e1, e2) = (e1, Je2) has the required properties. 
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Corollary 4.4 Let E be a vetor bundle with even ber dimension 2k and let ( · , · ) be a bilinear
form on E of signature zero. Let further be L a maximal isotropi subbundle of E. Choose g and J
aording to Theorem 4.3. Then
E = L⊕ J(L) and L⊥g = J(L) ∼= L∗. (4.5)
Theorem 4.5 Let E be a vetor bundle, I ⊂ R an open interval around zero and let Lt for t ∈ I be
a smooth family of subbundles of E. Then there exits a vetor bundle automorphism Ut of E over
the identity id : M −→M , smoothly depending on t ∈ I suh that
Lt = Ut(L0). (4.6)
If E is a Courant algebroid and Lt a family of maximal isotropi subbundles, then we an also
ahieve that Ut is an isometry of the symmetri bilinear form h = ( · , · ) for all t ∈ I.
Proof: The theorem an be proved along the lines of [12, Lem. 1.1.5℄. 
4.2 The Problem of Equivalene
Let L be a Dira struture in a Courant algebroid E and Lt a smooth deformation of L = L0.
We know from Theorem 4.5 that there exists an isometry Ut of E smoothly depending on t suh
that Lt = Ut(L0). Thus, in this general onept it seems natural to dene a trivial deformation
as a deformation Lt suh that we an nd a time dependent Ut whih is not only an isometry but
also a Courant algebroid automorphism. If we further ask whether two smooth deformations Lt and
L′t are equivalent, one is tempted to require the existene of a time dependent Courant algebroid
automorphism Ut, suh that L
′
t = Ut(Lt).
However, in the ase of of the standard Courant algebroid TM ⊕ T ∗M , due to Lemma 2.8, this
would mean that we have the gauge transformations by losed two-forms as equivalene transfor-
mations. But then every two Dira strutures given by presympleti forms would be equivalent.
Hene we see that in the ase of TM ⊕ T ∗M we an not permit every Courant algebroid automor-
phism as equivalene transformation as long as we want to reprodue the ommon results for the
deformation theory of sympleti forms.
In the ase of E = TM⊕T ∗M , we know that every automorphism is given by the the produt of
a gauge transformation and a lifted dieomorphism Fφ. As we do not want gauge transformations
as equivalene transformations we have to onsider the lifted dieomorphisms. Indeed, given a
presympleti form ω on a manifold M and a dieomorphism φ of M , one an easily show [4℄ that
the equation
Bφ(graphω) = graph(φ∗ω) (4.7)
is satised. Analogously we have
Bφ(graph π) = graph(φ∗π) (4.8)
for a Poisson tensor π on M . This motivates the following denition of equivalent deformations of
Dira strutures whih redue to the well-known situation in the Poisson or sympleti ase:
Denition 4.6 Let L ⊂ TM ⊕ T ∗M be a Dira struture in the standard Courant algebroid. Two
smooth deformations Lt and L
′
t of L are alled equivalent, if there exists a smooth urve of dieo-
morphisms φt of M suh that L
′
t = Fφt(Lt). A smooth deformation is alled trivial, if there exists
a smooth urve of dieomorphisms φt suh that Lt = Fφt(L0).
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While for the standard Courant algebroid this seems to be the reasonable denition of equivalent
deformations, in general it will be more diult: for any vetor bundle E −→M we have the exat
sequene of groups
1 −→ Gau(E) −→ Aut(E) −→ Diffeo(M) −→ 1, (4.9)
where Gau(E) denotes those vetor bundle automorphisms of E whih indue the identity on M ,
and the last arrow assigns to an arbitrary vetor bundle automorphism Φ : E −→ E the indued
dieomorphism φ of M . However, quite unlike for the Courant algebroid TM ⊕ T ∗M , in general
this exat sequene does not split. Furthermore, even if the sequene splits, it is not lear, whether
the split an be hosen in a reasonable way. In fat, if E is assoiated to the frame-bundle, then
one an hoose a splitting.
Sine it is preisely this anonial splitting in the ase of TM ⊕ T ∗M whih we use for Deni-
tion 4.6 there seems to be no simple way out. One possibility would be the following: sine we are
only interested in smooth urves of dieomorphisms φt of M with φ0 = idM we know that suh a
urve is the time evolution of a time-dependent vetor eld Xt on M . After the hoie of a onne-
tion ∇ on E we an lift Xt horizontally to E and onsider its time evolution Φt on E. Then we an
use Φt instead of Fφt to formulate a denition of equivalene and trivial deformations analogously
to Denition 4.6. However, this would depend expliitly on the hoie of a onnetion. We shall
ome bak to this problem in a future work. At the present stage, the question of equivalene of
smooth deformations of Dira strutures in a general Courant algebroid has to be left unanswered.
4.3 Rewriting the Deformation Problem
To study the formal deformation theory of Dira strutures we rst have to think about an appro-
priate desription for suh deformations. Given a Courant algebroid E with Dira struture L we
hoose an isotropi omplement L′ to L (for example with the help of Corollary 4.4) and identify
L′ with L∗. Then we an write E = L⊕ L∗, where the ber metri on E translates to the natural
pairing on L⊕L∗. Thus we may assume that E has this form in the following. Note however, that
we still have to disuss the inuene of this hosen isomorphism later.
Loally a small deformation Lt of L ould be understood as the graph of a map ωt : L −→ L∗.
Indeed, over a ompat subset K ⊆ M a smooth deformation Lt an be written as the graph of
some ωt provided t is suiently small. Globally in M , this needs not to be true whene smooth
deformation theory beomes highly non-trivial. However, sine we will mainly be interested in
formal deformations (to be thought of as formal Taylor expansions of smooth deformations) the
idea of looking at graphs will be suient for us. The laim that Lt is isotropi allows us to identify
ωt with a 2-form in L. To ensure that Γ
∞(Lt) is losed under the Courant braket and therefor is
a Dira struture leads to an additional requirement for ωt.
In the following onsideration we will rst omit the dependeny on t. So let ω ∈ Ω2(L) be a
2-form. Then graph(ω) is integrable, i.e. losed under the Courant braket, if and only if for all
s1, s2, s3 ∈ Γ∞(L)
0 = 〈[s1 + ω(s1), s2 + ω(s2)]C , s3 + ω(s3)〉
= 〈[s1, ω(s2)]C , s3〉+ 〈[ω(s1), s2]C , s3〉+ 〈[s1, s2]C , ω(s3)〉
+ 〈[s1, ω(s2)]C , ω(s3)〉+ 〈[ω(s1), s2]]C , ω(s3)〉+ 〈[ω(s1), ω(s2)]C , s3〉
+ 〈[ω(s1), ω(s2)]C , ω(s3)〉.
(4.10)
The onstant term in ω vanishes as L is assumed to be a Dira struture throughout. Moreover,
this equation ombines linear, quadrati and ubi terms in ω. In order to analyze this equation in
more detail, we use the Rothstein-Poisson braket.
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Lemma 4.7 Let E = L⊕L∗ be a Courant algebroid with L a Dira struture and let ω ∈ Γ∞(∧2L∗)
be a 2-form. Then graph(ω) ⊆ E is a Dira struture if and only if
{µ, ω}
R
+
1
2
{{ω, γ}
R
, ω}
R
+
1
6
{{{φ, ω}
R
, ω}
R
, ω}
R
= 0. (4.11)
Proof: Replae all Courant brakets by the derived braket using Θ gives (4.11) after a straight-
forward omputation. 
Due to the bigrading properties of the Rothstein-Poisson braket the denition
[η1, η2, η3]φ = {{{φ, η1}R , η2}R , η3}R (4.12)
gives a well-dened trilinear map
Γ∞(
∧kL∗)× Γ∞(∧lL∗)× Γ∞(∧mL∗) −→ Γ∞(∧k+l+m−3L∗). (4.13)
Moreover, beause φ is a pull-bak setion this map is independent of the onnetion used for
onstruting the Rothstein-Poisson braket. With the denitions from Lemma 3.7 we an write
(4.11) equivalently as
dL ω +
1
2
[ω, ω]γ +
1
6
[ω, ω, ω]φ = 0. (4.14)
This is the fundamental equation for ω whih has been derived by Roytenberg in his approah in
another ontext, see [31℄.
Equation (4.14) is preisely the sorting of (4.10) by the homogeneous monomials in ω and hene
independent of the usage of the Rothstein-Poisson braket. Nevertheless, we an use the Rothstein-
Poisson braket to obtain algebrai identities for the three parts of (4.14) whih are very hard to
obtain without the Rothstein-Poisson braket.
4.4 Formal Deformations
Following the general idea of formal deformation theory, namely to solve a non-linear algebrai
equation order by order in terms of formal power series [13, 14℄, we onsider solutions of (4.10) in
the sense of formal power series. Sine ω should be a `small' deformation we make the Ansatz
ω = tω1 + t
2ω2 + · · · =
∞∑
t=1
trωr ∈ tΓ∞(
∧2L∗)[[t]], (4.15)
where ω1, ω2, . . . have to be determined reursively. Sine ωr ∈ Γ∞(
∧2L∗), we an interprete the
deformation as a 2-ohain in the Lie algebroid omplex of L, viewed only as a Lie algebroid. The
following lemma is now ruial for the ohomologial approah:
Lemma 4.8 Let η ∈ Γ∞(Λ2L∗) be a two-form. Then
dη = {µ, · }R + {{η, γ}R , ·}R +
1
2
{{{φ, η}
R
, η}
R
, ·}
R
= dL+[η, ·]γ +
1
2
[η, η, ·]φ (4.16)
denes a graded derivation of degree one of the ∧-produt suh that
dη
(
dL η +
1
2
[η, η]γ +
1
6
[η, η, η]φ
)
= 0. (4.17)
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Proof: Using the derived braket formalism this is a straightforward omputation. 
The following theorem shows that the solvability of (4.10) or equivalently (4.14) order by order
in the formal parameter leads to a ohomologial obstrution in the usual way:
Theorem 4.9 Let E = L ⊕ L∗ be a Courant algebroid with a Dira struture L and let ωt =
tω1+ t
2ω2+ . . .+ t
NωN ∈ Γ∞(
∧2L∗)[[t]] be a formal deformation of L of order N , i.e. the equation
dL ωt +
1
2
[ωt, ωt]γ +
1
6
[ωt, ωt, ωt]φ = 0 (4.18)
is satised up to order N . Then
RN+1 = −1
2
N∑
i=1
[ωi, ωN+1−i]γ −
1
6
∑
i+j+k=N+1
[ωi, ωj, ωk]φ ∈ Γ∞(
∧3L∗) (4.19)
is losed with respet to dL, and ωt an be extended to a deformation of order N + 1 if and only if
RN+1 is exat.
Proof: The proof is essentially the usual argument of formal deformation theory. Let ωN+1 ∈
Γ∞(
∧2L∗) be arbitrary and set ω′t = ωt + tN+1ωN+1. Then
dL ω
′
t +
1
2
[ω′t, ω
′
t]γ +
1
6
[ω′t, ω
′
t, ω
′
t]φ
= tN+1

dL ωN+1 + 1
2
N∑
i=1
[ωi, ωN+1−i]γ +
1
6
∑
i+j+k=N+1
[ωi, ωj, ωk]φ

+ o(tN+2),
whene ω′t satises (4.14) up to order N +1 if and only if dL ωN+1 = RN+1, i.e. RN+1 is exat with
respet to dL. On the other hand, RN+1 is always losed. Indeed, by Lemma 4.8 applied to ω
′
t we
get
0 = tN+1 dL

1
2
l∑
i=1
[ωi, ωN+1−i]γ +
1
6
∑
i+j+k=N+1
[ωi, ωj, ωk]φ

+ o(tN+2),
whih implies dLRN+1 = 0. 
Remark 4.10 From the proof it is lear that the whole derived braket formalism enters only in
showing that RN+1 is dL-losed. This is in some sense the nontrivial statement of the theorem.
In priniple, this an also be shown diretly using only (4.10) and the algebrai identities for the
Courant braket. However, the omputations are very muh involved without using the nie derived
braket formalism. Nevertheless, it should be emphasized that the haraterization of the order-
by-order obstrution to solve (4.10) by the third Lie algebroid ohomology of the Dira struture is
independent of the hoies we made in order to obtain the Rothstein-Poisson braket.
4.5 Examples: Presympleti and Poisson Manifolds
Let us now disuss some examples in order to show that the deformation theory of Dira strutures
generalizes the well-known deformation theories of presympleti and Poisson strutures.
Let (M,ω) be a presympleti manifold, and onsider the standard Courant algebroid TM⊕T ∗M
with the Dira struture L = graph(ω). In this ase T ∗M is a omplement of L and we an identify
L∗ ∼= T ∗M . There is also a anonial identiation of L with TM , whih is given by the restrition
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of the gauge transformation τ−ω to L. Beause ω is losed, τ−ω is a Courant algebroid automorphism
and we have the identiation L⊕L∗ ∼= TM ⊕ T ∗M , where the Courant algebroid struture on the
right hand side is still the standard one. Beause L∗ ∼= T ∗M is a Dira struture with trivial Lie
algebroid struture, aording to our theory a smooth deformation of L ∼= TM is given by a losed
time-dependent two-form ηt with η0 = 0. The deformation of the original Dira struture is then
given by Lt = graph(ω+ ηt), i.e. by the deformation of the presympleti form ω. Thus we retrieve
the ommon results in this ase.
Usually in formal deformation theory, the innitesimally inequivalent deformations are param-
eterized by a seond ohomology relevant for the deformation problem while the third ohomology
gives the obstrutions for the existene of order-by-order deformations. In our ase, one would
expet the seond Lie algebroid ohomology to be the relevant one.
For the usual deformation theory of sympleti forms or Poisson bivetors this is indeed the ase.
However, in the general ase, the situation is more subtle. To see this, we onsider the following
example:
First reall that the Lie algebroid ohomology of a Dira struture oming from a presympleti
struture oinides with the de Rham ohomology. Then, for a presympleti manifold, two formal
deformations ωt and ω
′
t of the presympleti form ω0 are equivalent i there exists a formal dieo-
morphism φt = exp(LXt) with Xt = tX1 + . . . ∈ tΓ∞(TM)[[t]], suh that φtωt = ω′t. This is the
reasonable denition of `deformations up to formal dieomorphisms'. In rst order this equation
reads as
ω′1 − ω1 = LX1 ω0 = d iX1ω0. (4.20)
If there is a α ∈ Ω1(M), suh that dα = ω′1 − ω1, then we must nd X1 with iX1ω0 = α. For
a sympleti form ω0 this is always possible, so nontrivial deformations only exist if H
2
dR(M) is
nontrivial. However, if we start with a presympleti form ω0, there might be no X1 suh that
iX1ω0 = α and the triviality of H
2
dR(M) is not suient for the rigidity of M as a presympleti
manifold. Beause the presympleti deformation is a speial ase of the deformation of Dira
strutures, the obstrutions for the existene of non-trivial deformations are not in the seond Lie
algebroid ohomology of L. This is probably the most surprising feature of the deformation theory
of Dira strutures.
Remark 4.11 One might wonder whether this is just an artifat of our notion of equivalene based
on formal dieomorphisms. However, if one deides to use the notion of equivalene suggested by
Theorem 4.5 (whih we do not prefer, see the disussion in Setion 4.2), then the situation is even
worse: All deformations of presympleti forms in this sense beome equivalent, while the seond
Lie algebroid ohomology might be nontrivial.
Finally, let us onsider a Poisson manifold (M,π), and onsider the Dira struture L = graph(π)
in the standard Courant algebroid TM ⊕T ∗M . We hoose TM as omplement to L so that we an
identify L∗ with TM . Observe that in this ase L∗ ∼= TM is again a Dira struture but unlike as
above the Lie algebroid struture on L∗ is non-trivial. We further identify L with T ∗M via ρ∗|L.
Hene, we have the identiation L ⊕ L∗ = T ∗M ⊕ TM , but the Courant algebroid struture on
the right hand side now is not the standard one. The dierential dL beomes the dierential given
by π, i.e. dπ = [π, · ], and the braket on L∗ ∼= TM is the anonial Shouten-Nijenhuis braket.
Deformations of L are given by time-dependent bivetor elds λt suh that
dπ λt +
1
2
[λt, λt] = 0. (4.21)
Thanks to [π, π] = 0, this equation is equivalent to
[π + λt, π + λt] = 0. (4.22)
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We onlude that deformations πt = π+λt of the Poisson tensor π are the same as deformations of
the orresponding Dira struture L.
A The Rothstein-Poisson braket
A.1 Denition of the Rothstein-Poisson braket
Let F −→ N be a vetor bundle over a sympleti manifold (N,ω) and let π = −ω−1 be the
Poisson tensor for the indued Poisson braket on N , i.e. {f, g} = π(d f,d g). Further let h be a
pseudo-riemannian metri on N and ∇ a metri onnetion. We denote loal oordinates on N by
x1, . . . , xn, loal basis setions of F by s1, . . . , sk and the dual setions of F
∗
by s1, . . . , sk. With
the loal expression
Rˆ =
1
2
πijhABRCAjk∂i ⊗ sB ∧ sC ⊗ dxk (A.1)
we get a well dened global setion Rˆ ∈ Γ∞(TN ⊗∧2F ⊗T ∗N), where hAB and RABij are the loal
expressions for the pseudo-riemannian metri h−1 and the urvature R in oordinates. A setion
S ∈ Γ∞(TN ⊗∧kF ⊗ T ∗N) an be interpreted as a map
S : Γ∞(TN ⊗∧•F ) −→ Γ∞(TN ⊗∧•+kF ) (A.2)
by
(X ⊗ φ⊗ η)(Y ⊗ ψ) = η(Y )X ⊗ φ ∧ ψ. (A.3)
We therefor an form powers of Rˆ by omposition of maps. Beause Rˆ inreases the degree of the
part in
∧•F by two, Rˆ is nilpotent and we have a well-dened setion
(id−Rˆ)− 12 = id+1
2
Rˆ+
3
8
Rˆ2 + . . . , (A.4)
where id = ∂i⊗1⊗d xi is the identity map in Γ∞(TN ⊗
∧•F ). For a setion S ∈ Γ∞(TN ⊗∧•F ⊗
T ∗N) we dene the loal setion Sij of
∧•F by
S = ∂i ⊗ Sij ⊗ dxj . (A.5)
In the following we denote by i(σ)ψ and j(σ)ψ the interior produt of a setion σ ∈ Γ∞(F ∗) with
an element ψ ∈ Γ∞(∧•F ) from the left and right, respetivly.
Theorem A.1 (Rothstein-Poisson braket [3, 28℄) There is a super-Poisson braket on Γ∞(
∧•F )
(depending on ∇, h and ω) alled the Rothstein-Poisson braket whih is loally given by
{φ,ψ}
R
= πij
(
1− Rˆ)− 12 )k
i
∧ (1− Rˆ)− 12 )l
j
∧ ∇∂kφ ∧ ∇∂lψ + hABj(sA)φ ∧ i(sB)ψ. (A.6)
That { · , · }
R
is a super-Poisson braket means that for all φ ∈ Γ∞(∧kF ), ψ ∈ Γ∞(∧lF ) and
η ∈ Γ∞(∧•F ) we have
i.) {φ,ψ}
R
= −(−1)kl{ψ, φ}
R
ii.) {φ,ψ ∧ η}
R
= {φ,ψ}
R
∧ η + (−1)klψ ∧ {φ, η}
R
iii.) {φ, {ψ, η}
R
}
R
= {{φ,ψ}
R
, η}
R
+ (−1)kl{ψ, {φ, η}
R
}
R
.
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A.2 The Rothstein braket for pullbak bundles
Let πM : E −→ M be a vetor bundle, N a manifold and let f : N −→ M be a smooth map. We
denote by f#πM : f
#E −→ N the pullbak bundle with respet to f . Given a setion e ∈ Γ∞(E)
the pullbak setion f#e ∈ Γ∞(f#E) is then dened by
f#e = e ◦ f. (A.7)
A loal basis u1, . . . , uK ∈ Γ∞(E|U ) of E dened on some open set U ⊆ M leeds to a loal basis
f#u1, . . . , f
#uK of f
#E dened on f−1(U) ⊆ N . Given a onnetion ∇ on E we have the indued
onnetion f#∇ on f#E, where for pullbak setions f#e with e ∈ Γ∞(E) we have for Y ∈ Γ∞(TN)
f#∇Y (f#e) = f#(∇Tf(Y )e). (A.8)
In the following we will look at the ase N = T ∗M with f = τ : T ∗M −→ M the otangent
projetion. Let x1, . . . , xn be oordinates on U ⊆ M and q1, . . . , qn, p1, . . . , pn the indued bundle
oordinates on T ∗U . The sign of the anonial Poisson braket on T ∗M is hoosen suh that
{qi, pj} = δij . Observe that for pullbak setions τ#u ∈ τ#(Γ∞(E)) we have
(τ#∇) ∂
∂qi
τ#u = τ#(∇ ∂
∂xi
u) and (τ#∇) ∂
∂pi
τ#u = 0. (A.9)
In partiular, for a general setion s ∈ Γ∞(τ#E) the expression (τ#∇) ∂
∂pi
s is independent of the
onnetion ∇ and therefor we set
∂s
∂pi
= (τ#∇) ∂
∂pi
s (A.10)
for the ovariant derivative of s with respet to ∂
∂pi
.
Lemma A.2 Let π : E −→ M be a vetor bundle with onnetion ∇E and a ber metri h.
Look at the pullbak bundle F = τ#E over the sympleti manifold T ∗M together with the pullbak
onnetion ∇F = τ#∇E and the pullbak metri τ∗h. Then the map RˆF as dened in (A.1) satises
RˆF
( ∂
∂qi
⊗ ψ
)
= −1
2
∂
∂pj
⊗ τ#
(
hAB
(
RE
)C
Aij
uB ∧ uC
)
∧ ψ
RˆF
( ∂
∂pi
⊗ ψ
)
= 0,
where (RE)BAij is the urvature of ∇E with respet to the appropriate oordinates.
Proof: This is a straightforward omputation. 
With this lemma it follows immediately that (RˆF )k = 0 for k ≥ 2 and therefor
(id−RˆF )−1 = id+1
2
RˆF . (A.11)
Hene in this ase we get a more expliite formula for the Rothstein-Poisson braket.
Lemma A.3 With the above denitions the Rothstein-Poisson braket on Γ∞(τ#(
∧•E)) is given
by
{φ,ψ}
R
= ∇F∂
∂qi
φ ∧ ∂
∂pi
ψ − ∂
∂pi
φ ∧∇F∂
∂qi
ψ − 1
2
τ#
(
hAB
(
RE
)C
Aij
uB ∧ uC
)
∧ ∂
∂pi
φ ∧ ∂
∂pj
ψ
+ τ∗hAB j(τ
#uA)φ ∧ i(τ#uB)ψ. (A.12)
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A.3 Super-Darboux oordinates
Let us hoose a loal basis of setions s1, . . . , sk of the bundle E suh that the funtions hAB =
h(sA, sB) are onstant. If we alulate the Rothstein-Poisson braket for the oordinate funtions
qi, pj and the loal setions τ
#uA of τ
#E we get the equations
{qi, qj}
R
= 0 {qi, pj}R = δij
{pi, pj}R = −12τ#
(
hAB
(
RE
)C
Aij
uB ∧ uC
)
{qi, τ#uA}R = 0
{pi, τ#uA}R = −τ#
(
ΓBiA uB
) {τ#uA, τ#uB}R = τ∗hAB .
(A.13)
We see that C∞(T ∗M) is in general not losed under the Rothstein-Poisson braket.
Proposition A.4 Let the loal setions ri of the bundle Γ
∞(
∧•(τ#E)) be dened by
ri = pi − 1
2
τ#
(
hAB ΓCiA uB ∧ uC
)
. (A.14)
Then the following equations are satised:
{qi, rj}R = δij and {τ#uA, τ#uB}R = hAB , (A.15)
and
{qi, qj}
R
= {qi, τ#uA}R = {ri, rj}R = {ri, τ#uA}R = 0. (A.16)
Proof: A diret alulation using the fat that the onnetion is metri leads to the result. 
A.4 Grading for polynomial setions
Let P ⊂ Γ∞(∧•(τ#E)) be the setions whih are polynomial in the momenta, i.e. setions whih
loally an be written as a linear ombination of loal setions of the form
hA1...Asτ#uA1 ∧ . . . ∧ τ#uAs (A.17)
for 0 ≤ s ≤ k with hA1...As ∈ Pol•(T ∗M) polynomial funtions on T ∗M . From (A.12) we get the
following:
Lemma A.5 The spae P is losed under the Rothstein-Poisson braket.
Denition A.6 Let the map deg : P −→ P be dened by the loal formula
deg = 2pi
∂
∂pi
+ τ#uA ∧ i(τ#uA). (A.18)
For an element φ ∈ P we say that φ is of degree r if the equation deg φ = rφ is satised. We denote
the set of all suh elements by Pr.
Remark A.7 i.) Elements with degree zero an be identied with funtions on M and elements
with degree one with setions in E, i.e.
P0 = τ∗(C∞(M)) and P1 = τ#(Γ∞(E)). (A.19)
ii.) The degree given by deg an be used to alulate the signs for the super-Poisson struture
given by the Rothstein braket beause the momenta always ount twie.
Lemma A.8 The Rothstein-Poisson braket is of degree −2 for the grading given by deg.
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A.5 The ase E = L⊕ L∗
Let L −→M be a vetor bundle with a onnetion ∇. We also have a onnetion on the dual bundle
L∗ and therefor a onnetion ∇E on E = L ⊕ L∗, whih is metri with respet to the anonial
bilinear form on L⊕ L∗, given by
〈(s1, α1), (s2, α2)〉 = α1(s2) + α2(s1) (A.20)
for s1, s2 ∈ Γ∞(L) and α1, α2 ∈ Γ∞(L∗).
Let x1, . . . , xn be oordinates on M , a1, . . . , ak be a loal basis of L and a
1, . . . , ak be the dual
basis of L∗. Let R
β
αij be the urvature on L in oordinates. The urvature on L
∗
then is given in
the dual oordinates by −Rβαij . If we hoose
(u1, . . . , uA, . . . , u2k) = (a1, . . . ak, a
1, . . . ak) (A.21)
as a loal basis of L⊕ L∗ we get for the urvature on E = L⊕ L∗
(
RE
)B
Aij
=


RBAij for 1 ≤ A,B ≤ k
−RA−kB−k,ij for k + 1 ≤ A,B ≤ 2k
0 otherwise.
(A.22)
Now let F = τ#(L ⊕ L∗) −→ T ∗M again be the pullbak bundle. Beause of the speial form of
the urvature and the ber metri in the given oordinates, we an simplify the formula for the
Rothstein-Poisson braket and get the following lemma.
Lemma A.9 (Eilks [11℄) The Rothstein-Poisson braket on Γ∞
(∧•τ#(L ⊕ L∗)) is loally given
by
{φ,ψ}
R
= ∇ ∂
∂qi
φ ∧ ∂
∂pi
ψ − ∂
∂pi
φ ∧ ∇ ∂
∂qi
ψ + τ#
(
Rαβijaα ∧ aβ
)
∧ ∂
∂pi
φ ∧ ∂
∂pj
ψ (A.23)
+ j(τ#aα)φ ∧ i(τ#aα)ψ + j(τ#aα)φ ∧ i(τ#aα)ψ,
where ψ, φ ∈ Γ∞(∧•τ#(L⊕ L∗)) and τ#aα and τ#aα are pullbak basis setions.
>From this formula we easily get the following lemma.
Lemma A.10 For setions s ∈ Γ∞(L), σ ∈ Γ∞(L∗), P ∈ Γ∞(∧rL) and η ∈ Γ∞(∧sL∗) we have
the equations
{τ#s, τ#η}
R
= τ#(isη)
{τ#σ, τ#P}
R
= τ#(iσP )
and
{τ#s, τ#P}
R
= 0 = {τ#σ, τ#η}
R
. (A.24)
In partiular, we get
{τ#e1, τ#e2}R = τ∗〈e1, e2〉 (A.25)
for all e1, e2 ∈ Γ∞(L⊕ L∗).
In this situation, the super-Darboux oordinates are given as follows:
24
Proposition A.11 If we set
ri = pi − τ#
(
Γβiα a
α ∧ aβ
)
, (A.26)
the only non-trivial Rothstein-Poisson brakets between the qi, rj, τ
#aα and τ#aβ are
{qi, rj}R = δij and {τ#aα, τ#aβ}R = δαβ . (A.27)
The grading with respet to the total degree an be rened in the following sense:
Denition A.12 Let degL and degL∗ be dened by the loal formula
degL = pi
∂
∂pi
+ τ#aα ∧ i(τ#aα) and degL∗ = pi
∂
∂pi
+ τ#aα ∧ i(τ#aα). (A.28)
For an element ψ ∈ P we say ψ has bidegree (r, s), if degL ψ = rψ and degL∗ ψ = sψ. The set of
all suh elements will be denoted by P(r,s).
Of ourse we have deg = degL+degL∗ , and therefor we all deg the total degree. Moreover we have
P(0,0) = τ#(C∞(M)), P(r,0) = τ#(
∧rL) and P(0,s) = τ#(∧sL∗).
Lemma A.13 The Rothstein-Poisson braket restrited to the polynomial setions P is of bidegree
(−1,−1), i.e. for all φ ∈ P(r,s), ψ ∈ P(t,u) we have {φ,ψ}
R
∈ P(r+t−1,s+u−1).
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